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NONSOLUBLE LENGTH OF FINITE GROUPS WITH 
COMMUTATORS OF SMALL ORDER 


P. SHUMYATSKY AND Y. CONTRERAS-ROJAS 

Abstract. Let p be a prime. Every finite group G has a nor¬ 
mal series each of whose quotients either is p-soluble or is a direct 
product of nonabelian simple groups of orders divisible by p. The 
non-p-soluble length Xp{G) is defined as the minimal number of 
non-p-soluble quotients in a series of this kind. 

We deal with the question whether, for a given prime p and 
a given proper group variety 2J, there is a bound for the non-p- 
soluble length Ap of hnite groups whose Sylow p-subgroups belong 
to 2J. Let the word w be a multilinear commutator. In the present 
paper we answer the question in the affirmative in the case where 
p is odd and the variety is the one of groups satisfying the law 
= 1 . 


1. Introduction 

Every finite group G has a normal series each of whose quotients 
either is soluble or is a direct product of nonabelian simple groups. In 
[5] the nonsoluble length of G, denoted by A(G), was dehned as the 
minimal number of non-soluble factors in a series of this kind: if 

1 = Go ^ Gi ^ ^ G2/1-1-1 = G 

is a shortest normal series in which for i even the quotient Gj+i/Gj is 
soluble (possibly trivial), and for i odd the quotient Gj+i/Gj is a (non¬ 
empty) direct product of nonabelian simple groups, then the nonsoluble 
length A(G) is equal to h. For any prime p, a similar notion of non- 
p-soluble length Ap(G) is dehned by replacing “soluble” by “p-soluble” 
and “simple” by “simple of order divisible by p”. Recall that a hnite 
group is said to be p-soluble if it has a normal series each of whose 
quotients is either a p-group or a p'-group. Of course, A(G) = A2(G), 
since groups of odd order are soluble by the Feit-Thompson theorem 
0 . 
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Upper bounds for the nonsoluble and non-p-soluble length appear in 
the study of various problems on finite, residually finite, and profinite 
groups. For example, such bounds were implicitly obtained in the Hall- 
Higman paper [1] as part of their reduction of the Restricted Burnside 
Problem to p-groups. Such bounds were also a part of Wilson’s theorem 
[ 12 ] reducing the problem of local finiteness of periodic compact groups 
to pro-p groups. (Both problems were solved by Zelmanov [131 El El 
Ej). More recently, bounds for the nonsoluble length were needed in 
the study of verbal subgroups in finite and profinite groups punumE]. 

There is a long-standing problem on p-length due to Wilson (Problem 
9.68 in Kourovka Notebook my- for a given prime p and a given proper 
group variety TT, is there a bound for the p-length of finite p-soluble 
groups whose Sylow p-subgroups belong to 

In [5] the following problem, analogous to Wilson’s problem, was 
suggested. 

Problem 1.1. For a given prime p and a given proper group variety QJ, 
is there a bound for the non-p-soluhle length Xp of finite groups whose 
Sylow p-subgroups belong to 

It was shown in [5] that an affirmative answer to ProbIem ll.il would 
follow from an affirmative answer to Wilson’s problem. On the other 
hand, Wilson’s problem so far has seen little progress beyond the affir¬ 
mative answers for soluble varieties and varieties of bounded exponent 
[I] (and, implicit in the Hall-Higman theorems |1], for (n-Engel)-by- 
(finite exponent) varieties). Problem 11.11 seems to be more tractable. 
In particular, in [S] a positive answer to Problem 11.11 was obtained in 
the case of any variety that is a product of several soluble varieties and 
varieties of hnite exponent. 

Given a group-word w = w{xi,... ,Xn), we view it as a function 
defined on any group G. The subgroup of G generated by all val¬ 
ues w{gi,..., gn), where gi E G is called the verbal subgroup corre¬ 
sponding to the word w. In the present paper we deal with the so 
called multilinear commutators (otherwise known under the name of 
outer commutator words). These are words which are obtained by 
nesting commutators, but using always different variables. Thus the 
word [[xi, X 2 ], [xs, X 4 , X 5 ], Xe] is a multilinear commutator while the En¬ 
gel word [xi,X 2 ,X 2 ,X 2 ] is not. The number of different variables in¬ 
volved in a multilinear commutator word w is called weight of w. 

An important family of multilinear commutators consists of the sim¬ 
ple commutators 7 ^,, given by 

Ik = [lk-l,Xk] = [xi, . . . ,Xfc]. 


7i = a;i. 
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The corresponding verbal subgroups 'yk{G) are the terms of the lower 
central series of G. Another distinguished sequence of multilinear com¬ 
mutator words is formed by the derived words 6k, on 2^ variables, which 
are dehned recursively by 

6o = Xi, 6k = [6k-l{Xi, . . . , X2k-l), 6k-l{x2k-lj^\, ■ ■ ■ , X2fe)]. 

Of course 6k{G) = G^^\ the kth. derived subgroup of G. 

In the present article we prove the following result. 

Theorem 1.2. Let n he a positive integer and p an odd prime. Let P 
he a Sylow p-subgroup of a finite group G and assume that all 6n-values 
on elements of P have order dividing p^. Then Xp{G) ^ n, 4- e — 1. 

The proof of Theorem 11.21 uses the classihcation of hnite simple 
groups in its application to Schreier’s Conjecture, that the outer au¬ 
tomorphism groups of hnite simple groups are soluble. It seems likely 
that Theorem 11.21 remains valid also for p = 2 but so far we have 
not been able to hud a proof for that case. The case where w = x 
was handled in [5] for any prime p. Further, it is immediate from [TOl 
Proposition 2.3] that if the order of [x, y] divides 2® for each x,y in a. 
Sylow 2-subgroup of G, then A(G) ^ e. Hence, Theorem 11.21 is valid 
for any prime p whenever n ^ 2. 

It is well-known that if ta is a multilinear commutator word on n 
variables, then each (j„-value in a group G is a tc-value (see for example 
0 Lemma 4.1]). Therefore our next result is an immediate corollary 
of Theorem 11.21 

Corollary 1.3. Let p an odd prime and w a multilinear commutator 
word of weight n. Let P he a Sylow p-suhgroup of a finite group G 
and assume that all w-values on elements of P have order dividing p^. 
Then Xp{G) ^ n -|- e — 1. 

Furthermore, Theorem 11.21 enables one to bound the nonsoluble 
length of a hnite group satisfying the law = 1 for some multilinear 
commutator words w. 

Corollary 1.4. Let w be a multilinear commutator word of weight n, 
and let e be a positive integer. Suppose that in a finite group G all 
w-values have order dividing e. Then A(G) is bounded in terms of e 
and n only. 

The above result will be deduced from Corollary 11.31 using a version 
of the focal subgroup theorem for multilinear commutators [1]. In turn, 
that result uses the famous theorem that every element in a nonabelian 
simple hnite group is a commutator (the solution of the Ore problem) 
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2. Preliminaries 

All groups considered in this paper are finite. Throughout the paper 
the soluble radical of a group G, the largest normal soluble subgroup, 
is denoted by R{G). The largest normal p-soluble subgroup is called 
the p-soluble radical and it will be denoted by Rp{G). 

Consider the quotient G = G/Rp{G) of G by its p-soluble radical. 
The socle Soc{G), that is, the product of all minimal normal subgroups 
of G, is a direct product Soc{G) = Si x ■ ■ ■ x Sm of nonabelian simple 
groups Si of order divisible by p. The group G induces by conjugation 
a permutational action on the set {Si,..., Sm}- Let Kp{G) denote 
the kernel of this action. In [5] Kp{G) was given the name of the p- 
kernel subgroup of G. Clearly, Kp{G) is the full inverse image in G of 
f]NQ{Si). The following lemma was proved in [S]. It depends on the 
classification of finite simple groups. 

Lemma 2.1. The p-kernel subgroup Kp{G) has non-p-soluble length at 
most 1. 

We denote by |a| the order of the element a G G. Let Xcia) denote 
the set of all x G G such that the commutator [x, a, a] has maximal 
possible order. Thus, 

= {x G G; \[x, a, a]I ^ \ [y, a, a]| for all y G G}. 

Our immediate purpose is to prove the following proposition. 

Proposition 2.2. Let G he a finite group and P a Syloui p-subgroup of 
G for an odd prime p. Let SiX ■ ■ ■ x Sr be a normal subgroup of G equal 
to a direct product of nonabelian simple groups Si of order divisible by 
p. Let a E P and b G Xp{a), and let |[fe, a,a]| = q > 1. Then \b,a,a] 
has no orbit of length q on the set {Si, S 2 , ■ ■ ■, Sr} in the permutational 
action of G induced by conjugation. 

The proof of the above proposition will be divided into several lem¬ 
mas. 

Lemma 2.3. Assume the hypothesis of Proposition and suppose 
that \b,a,a] has an orbit of length q on the set {Si, S 2 , ■ ■ ■, Sr}- Let 
Ajj,..., be such an orbit. Then S°‘ G {Ajj, S'ij,..., 5'*^} for 
any S G S'i^, ..., AjJ. 

Proof. Without loss of generality we assume that = j for j = 1,..., q. 
Thus, [b, a, a] regularly permutes Si, S 2 , ■ ■ ■, Sq. Note that Pi = POSi is 
a Sylow p-subgroup of Si for every i, and Pj 7 ^ 1 by hypothesis. Suppose 
that S^ ^ {Si, S 2 , ■ ■ ■, Sg}. Choose a nontrivial element x E P H Si 
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and consider the element 

[ 6 x, a, a] = [[ 6 , a]"^, a, a]. 

Set d = [[b,a\^,a]^ and y = [x,a,a]. We note that the permuta- 
tional action of d on {S*!, S' 2 ,..., S'^} is the same as that of [b, a, a]. In 
particular, d regularly permutes Si, S 2 , ■ ■ ■, Sq. 

Further, we have y = x~^x{x~^x^Y — x~°‘xx~^x°‘ . Since S'“ Y 
the elements x and commute and therefore y = . By the 

assumptions does not belong to the product S 1 S 2 ... Sg. If does 
not belong to the product S'iS '2 ... Sg, then the projection of the element 
y'^ y^ ... y^y on the group Si is precisely x. If x°' G S'iS '2 ... Sg, then 
the projection of y'^ ... y'^y on S'! is of the form a:(x“ Y\ 

Since b G Xp{a), the order of [bx, a, a] must divide q and we have 

[bx, a, aY = = 1 - 

In particular, the projection of y‘^ ^y'^ ^.. .y'^y on S'! must be trivial. 
Since x 7 ^ 1, we conclude that x(a:“ )'^‘ = 1 for some i. It follows that 
X is conjugate to x~^ in P. Since p is odd, this implies that x = 1. (Of 
course, in a group of odd order only the trivial element is conjugate to 
its inverse.) This is a contradiction. The lemma follows. □ 

Thus, we have shown that if [6, a, a] has an orbit {S'jj, S'jj,..., S'*^} 
of length q, then the element a stabilizes the orbit. Next, we will show 
that Y stabilizes the orbit as well. 

Lemma 2.4. Under the hypothesis of Lemma \2.3\ the element Y sta¬ 
bilizes the orbit {Si,^, Si^,..., Si^. 

Proof. Again, without loss of generality we assume that ij = j for 
j = 1,... ,q. By Lemma 12.31 both [ 6 , a, a] and a stabilize the orbit 
Si, S 2 ,..., Sg. Since [b,a,a] = [a“^,a]“, it follows that [a~^,a] regu¬ 
larly permutes the subgroups Si, S 2 ,..., Sg. We note that [a~^, a]“^ = 
[b~°‘ , a~^, a~^] and therefore also [b~°‘ , a~^, a~^] regularly permutes the 
subgroups Si, S 2 ,..., Sg. It is clear that |[f, a“^, a“^]| = q for every 
t G Xp{a~Y and so b~°^ G Xp{a~Y. Lemma [23] now tells us that a~^ 
stabilizes the orbit S'!, ^ 2 ,..., Sg. The result follows. □ 

We are now ready to complete the proof of Proposition 12.21 

Proof of Proposition lil.ilt We already know that both a and stabi¬ 
lize the set {Si, S 2 ,..., Sg}. Moreover, [a“^, a] regularly permutes the 
subgroups Si, S 2 ,..., Sg. Thus, we get a natural homomorphism of the 
subgroup (a, a^) into the Sylow p-subgroup, say Q, of the symmetric 
group on q symbols. The homomorphism maps the commutator [a~^, a] 
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to the cycle (1, 2,..., g). However the cycle (1,2,..., q) does not be¬ 
long to the commutator subgroup Q'. This leads to a contradiction. 
The proof is now complete. □ 


3. Proofs of the main results 


Proof of Theorem \1.2 . Recall that p is an odd prime, and G a hnite 
group in which all 5„-values on elements of a Sylow p-subgroup P have 
order dividing p®. Our purpose is to prove that Xp{G) ^ n -|- e — 1. 

Use induction on n. If n = 1, the Sylow subgroup P has exponent 
dividing p®. We deduce from [5], Lemma 4.2] that P^" ^ Kp{G) and 

so by induction Xp{G/Kp{G)) ^ e — 1. Since Xp{Kp{G)) ^ 1 (Lemma 
12 . 11 ) . we have Xp{G) ^ e and the result follows. Thus, we will assume 
that n ^ 2. 

Let I be the maximal number for which there exist a (5„_i-value 
a in elements of P and b G Xp{a) such that |[ 6 , a,a]| = ph Since 
[b, a, a] = [a~^, a]“, it follows that [b, a, a] is a 5„-value in elements of P 
and hence I ^ e. We will use I as a second induction parameter. Our 
aim is to show that Xp{G) ^ n + I — 1. 

If / = 0, then (a^) is abelian for every 5ji_i-value a E P. By [5l 
Lemma 4.3] (a^) ^ Kp{G) and so the image of P in G/Kp{G) is sol¬ 
uble with derived length at most n — 1, whence the result follows by 
induction. 

Assume that / ^ 1. Choose a (5„_i-value a in elements of P and b G 
Xp{a) such that | [b, a,a\\ = pK Proposition [22] implies that the order of 
[b,a,a\ in G/Kp{G) divides p*“^. Hence, by induction, Xp{G/Kp{G)) ^ 
n -|-/—2 and so Xp(G) ^ n-hl — 1. Therefore indeed Xp(G) ^ n-l-e—1. □ 

As was mentioned in the introduction. Corollary 11.31 is immediate 
from Theorem 11.21 and the fact that if tc is a multilinear commutator 
word on n variables, then each 5„-value in a group G is a tc-value. We 
will now prove Corollary 11.41 


Proof of Corollary l.f. Recall that here G is a group in which all re¬ 
values have order dividing e. We wish to prove that A(G) is bounded 
in terms of e and n only. Denote by vr the set of prime divisors of e. 
Let w{G) denote the subgroup of G generated by te-values. By the 
main result of [T] each Sylow subgroup of w{G) is generated by powers 
of m-values. It follows that the set of prime divisors of the order of 
w{G) is a subset of tt. Since G/w{G) is soluble, the prime divisors of 
the order of any nonabelian simple section of G belong to tt. In what 
follows we denote by (t{PI) the set of all primes that divide the order 
of at least one nonabelian simple section of a group H. 
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We know that (t{G) ^ tt. Therefore the number of primes in (t{G) is 
bounded by a function of e and hence we can use induction on |cr(G)|. 
If ct(G) is empty, then A(G) = 0. Thus, we assume that ct(G) is non¬ 
empty and then it is clear that <t{G) contains an odd prime p. By 
Corollary [T3] Ap(G) is bounded in terms of e and n only. This means 
that G has a normal series of bounded length each of whose quotients 
either is p-soluble or is a direct product of nonabelian simple groups 
of orders divisible by p. Thus, it is now sufficient to bound \{Q) for 
every p-soluble quotient Q of the series. Since p ^ ct(( 5), it is clear that 
|cr((5 )| < |<t(G)| and so by induction the result follows. □ 
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